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The implications of a smaller than unity speed of sound of the scalar perturbations during cosmic
inflation is studied in terms of a model independent large-N approach. We show that the (ns, r)
plane is non-trivially degenerated when the effects of a different than one speed of sound cs are
taken into account. We also discuss the degeneracies due to cs in the running of the spectral index,
αs. We use the bounds on cs to constrain such degeneracies.
I. INTRODUCTION
In order to understand the large scale homogeneity and
isotropy of the observable universe today, a period of ac-
celerated expansion in the early universe, or cosmic in-
flation, is needed [1, 2]. Moreover, inflation also provides
the seeds of the quantum fluctuations, which gave rise
to the large scale structures in the universe that we ob-
serve today [3]. Presently, hundreds of different models
of inflation driven by a single scalar field exist, with a
wide variety of values for the parameters describing the
amplitude of the spectra of quantum fluctuations [4].
The stage of inflation and its predictions for the quan-
tum fluctuations, can be described without making pre-
cise reference to the microscopic mechanism generating
the accelerated expansion [5] (see also [6, 7]). In particu-
lar, inflation makes robust predictions for the primordial
inhomogeneities. Namely, they are adiabatic, approx-
imately scale invariant and nearly Gaussian. Further-
more, inflation also predicts the existence of primordial
gravitational waves.
All these properties are in perfect agreement with
current observations. The latest reported values from
the Planck collaboration for the inflationary parameters
are)[8] (at 68% c.l.)
ns − 1 = −0.0397± 0.0073 , (1)
for the spectral tilt, confirming a percent-level deviation
from a scale invariant spectrum, which corresponds to
ns = 1. Furthermore, the scale dependence of the spec-
tral index, or the running, defined as αs = dns/d ln k has
been constrained to be
αs = −0.0134± 0.009 . (2)
In addition, the Planck reported bound on primordial
equilateral non-Gaussianity parameter at 68 %c.l. is1
f eqNL = −42 ± 75 [11]. This type of non-Gaussianity re-
sults from models where the speed of the inflation per-
turbations can differ from unity. In this case, the latest
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1 Update: the new constraints in the cosmological parameters
above reported by Planck15 [9, 10] are: ns = 0.968 ± 0.006;
αs = −0.003± 0.007; feqNL = −16± 70.
Planck results report a lower bound for this speed of (95%
c.l.)
cs ≥ 0.02 , (3)
in an effective field theory parametrisation [12, 13].
Further, the observational upper bound for the ratio
of the tensor-to-scalar mode, r, reported by Planck 95 %
c.l. is
r < 0.11, (4)
while determination of the primordial origin of the re-
cently reported larger value of r ∼ 0.2 by the BICEP2
collaboration [14] awaits assessment.
The experimental values for the spectral index and r
above, can be neatly described, independently of the un-
derlying model of inflation, when written solely in terms
of the number of e-folds N left to the end of inflation
after horizon crossing. The number of e-folds is defined
as a = af exp(−N), with a the scale factor encoding the
accelerated expansion. The relevant interval of N for ob-
servations is around N? ∼ 50 − 60. For these values,
the current data suggest a 1/N? departure from a scale
invariant spectrum (1).
We consider the experimental data on ns and r as
an indication to follow a large-N approach to inflation
[5, 15–19]. In particular, we take carefully into ac-
count the possible degeneracies in the spectral index and
tensor-to-scalar ratio due to a smaller than unity speed
of sound cs. A smaller than unity speed of sound for
the density perturbations during the inflationary stage,
induces primordial non-Gaussianities [20] of equilateral
shape and therefore it is constrained by data. Without
specifying a concrete model for cosmic inflation, never-
theless, we cannot at present exclude a smaller than light
speed for the perturbations.
II. SPEED OF SOUND DEGENERACIES AT
LARGE-N
The generic formula for the spectral index ns in
terms of the slow variation parameters, defined as 1 ≡
d lnH/dN , 2 ≡ d ln 1/dN and s ≡ d ln cs/dN , is given
by [21]
ns − 1 = −2 1 + 2 + s , (5)
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2where cs is the speed of sound, which can be different
from unity in general models of cosmic inflation, giv-
ing rise to primordial non-Gaussianity of the equilateral
shape [20]. The running of the spectral index is further
found from its definition, as αs =
1
(1−1)
dns
dN . Further-
more, the tensor-to-scalar ratio in the more general case
is given by [21]
r = 16 cs 1 . (6)
The current experimental value for the spectral tilt
suggests that it should scale as an inverse power of the
number of e-folds N at least to leading order in a large-
N expansion, independent of the source driving inflation.
That is,
ns − 1 = −A
N
+ . . . (7)
with A some constant of order one and the dots referring
to subleading terms in a 1/N expansion. From (7) and
(5), we immediately see that the source of the 1/N be-
haviour of the spectral tilt can originate from any of the
slow variation parameters. One can simply assume that
only one of them is responsible for such scaling, while the
others are subleading. For a unity speed of sound, one
can identify two classes of models, according to whether
1 and 2 scale both as 1/N or only 2 does [15]. In the
present case, one can make a similar classification, in-
cluding the speed of sound parameter s. Therefore we
consider the following expansions2
1 =
α
Np
⇒ 2 = − p
N
, s = − β
N
, (8)
where α > 0 and β are some constants. This implies that
the speed of sound scales with N as
cs =
c0
Nβ
, (9)
where c0 is a positive integration constant, not necessar-
ily of order unity3. Plugging (8) into (5)-(3) we arrive
at
ns − 1 = − 2α
Np
− p
N
− β
N
, r =
16 c0 α
Nβ+p
. (10)
Current observations indicate that A ∼ 2 in (7), which
restricts the values of α, β.
We now want to assess the degeneracies in the observa-
tional parameters (ns, r), and the effects on the spectral
2 One could in principle add a third class of models by asking that
only s ∼ 1/N , while i are subleading in a large-N expansion.
It is not clear if successful models of inflation can have such
behaviour, therefore we do not explore this case further.
3 We are considering that scalar and tensor modes cross the hori-
zon at similar instants [21]. One can check that modifications due
to this effect [22] are negligible for our discussion. Constraints
on the speed of sound taking into account this effect have been
studied in [23, 24].
tit running as we allow for a different than unity speed
of sound. We do this by changing the values of β, taking
into account the experimental bounds on cs.
Using the current bounds on cs, we see that for a given
value of the constant c0, there is a maximum value for
the β parameter given by
βmax =
ln c0
lnN
− ln 0.02
lnN
, (11)
where N is evaluated at horizon crossing, which we take
to be N? = 60 for concreteness, but other values can be
studied in a similar fashion. Further, the requirement
that cs ≤ 1, sets a minimum value for β, given c0:
βmin =
ln c0
lnN
. (12)
Therefore, for each value of c0, there is a range of values
for β within the observable window of cs. We illustrate
this in figures 1, where we plot cs as function of β for
different values of c0. The allowed range of β set by cs is
evident from this figure.
FIG. 1. Behaviour of the speed of sound as a function of β
for different values of c0.
The degeneracy sourced by the speed of sound in the
spectral tilt and the tensor-to-scalar ratio is illustrated
in figure 2 for α = 0.5, p = 1 and in figure 3 for α = 0.75,
p = 2. In these pictures we see the displacement along
cs, which is reflected in the change of β, for different val-
ues of c0. The dots correspond to the (βmin, βmax) range
for the given value of c0, corresponding to the bounds on
cs = (1, 0.05). As a reference, the chaotic and Starobin-
sky inflation points are marked with a star and a spade,
respectively. These correspond to βmin = 0 (cs = 1),
c0 = 1 in the figures. As we can see, the nontrivial effect
of the speed of sound, (encoded in β and c0) is to popu-
late regions in the parameter space (ns, r) uncovered by
the cs = 1 case.
Finally, we show the effect of the speed of sound for the
running of the spectral index αs in figure 4 for α = 0.5.
As it is evident from (10), variations in cs move the points
3FIG. 2. Speed of sound effects in the (ns, log10r) plane for dif-
ferent values of c0 for α = 0.5 and p = 1. The dashed curves
correspond to the experimental Planck regions (1 and 2σ con-
tours). The dark dots correspond to the allowed range of β set
by the bounds on cs, for the corresponding c0. For example,
for c0 = 1, (βmin, βmax) = (0, 0.96). The red marks corre-
spond to the points of quadratic chaotic (star) and Starobin-
sky inflation (spades). This plot illustrates the shifts in ns, r
by turning on the speed of sound, populating the intermediate
regions between known slow roll models of inflation.
in the (ns, αs) plane left upwards. Note however that the
shifting is rather mild. From the large-N expression for
αs we see that a similar shifting occurs when varying α
and/or p.
As stressed above, we have taken the 1/N behaviour
of the spectral tilt suggested by observations, without
prejudice about the microscopic origin of the stage of in-
flation and the produced quantum fluctuations. In doing
this, one should consider the implications of a different
than unity speed of sound for the observable parameters,
in particular ns, r and αs. Moreover, the latest observa-
tional data allow us to use the non-Gaussianity parame-
ters to constrain this variable, as we have discussed.
The important conclusion to draw from this analysis is
that, if we do not focus on a particular model for produc-
ing the cosmological perturbations, models where some
mechanism allows for a non-trivial speed of sound are
clearly not excluded by current observations. Moreover,
a different than unity speed of sound pushes the tensor-
to-scalar ratio and the spectral index to smaller values,
covering regions in the (ns, r) plane, which would seem
empty for models with cs = 1. On the other hand, it
increases the running of the spectral tilt by only a small
amount.
FIG. 3. Similar plot as in figure 2 of the speed of sound effects
in the (ns, log10r) plane, this time for α = 0.75, p = 2.
III. DISCUSSION
The current cosmological data indicate a suggestive
1/N departure from scale invariance in the spectral tilt
when evaluated at the relevant range values of N =
50− 60. Remaining open about the precise origin of the
inflationary stage and focusing in a more general descrip-
tion of the parameters in terms of a 1/N expansion, one
is compelled to include all the small variation parame-
ters contributing to the spectral tilt, (5). In particular,
the speed of sound and its variation with N give non-
negligible contributions, with nontrivial implications as
we have discussed in this note. Variations in the speed
of sound source non-Gaussianties, which allow us to con-
strain the variation on the speed of sound and the degen-
eracies implied in the (ns, r) plane and αs.
We have not been concerned about constraining spe-
cific models or classes of models in our analysis. However,
there are some single scalar field models of inflation which
may be relevant for our discussion. These are k- and
DBI-inflation [20, 25, 26], where cs can become smaller
than unity. In consistent single field models of DBI in-
flation [27], it could be possible to allow for broad ranges
of values for β and therefore spectral tilt and tensor-to-
scalar ratio, covering a large region in the (ns, r) plane,
unpopulated by cs = 1 models.
In the case of k- and DBI models of inflation, one may
also consider the implications for the Lyth bound [28].
In the DBI case, the Lyth bound takes the same form as
4FIG. 4. The speed of sound effects in the running of the
spectral index for α = 0.5. The dashed curves correspond
to the allowed Planck regions. The dots correspond to the
indicated values of β, with βmax = 1.52 corresponding to
c0 = 10 . As it is clear form (10), the effect of the speed of
sound is to increase by a small amount the value of αs as we
increase β.
in the unity speed of sound case
∆φ
MPl
=
∫ √
r
8
dN , (13)
as show in [29] (here MPl is the Planck mass). However,
since the speed of sound now enters into the tensor-to-
scalar ratio (see (6)), the associated field range will be
smaller as compared to the unity speed of sound case.
One could nevertheless study the implications of cs for
the field range along the lines of [17, 18] in a large-N
approach.
In summary, we have analysed the implications of in-
cluding the speed of sound in the general formulae for the
observable inflationary parameters, namely the spectral
tilt, and its running, as well as the tensor-to scalar ratio,
independent of the mechanism producing the inflationary
stage in the early universe. We have done so by writing
all the slow variation parameters in a 1/N expansion in
the number of e-folds, as suggested by current observa-
tions. We have used the current constraints on the rele-
vant non-Gaussianity parameter sourced by cs to explore
and determine the implied degeneracies in the observable
parameters. As we have seen, non-trivial motion in the
(ns, r) plane can occur towards smaller values of ns and
r, covering parts of the parameter space, unpopulated by
the cs = 1 case.
A possible way to break the degeneracies implied by
the speed of sound, could come in the future from a
scale dependence of the non-Gaussianity parameter, if
non-Gaussianity is detected [30, 31].
It would also be interesting to perform a model inde-
pendent analysis as has been done in [6, 7] taking into
account the small variation parameter s.
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